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f(R)-Gravity: “Einstein Frame” Lagrangian
Formulation, Non-Standard Black Holes and
QCD-like Confinement/Deconfinement

Eduardo Guendelman, Alexander Kaganovich, Emil NissirBeetlana Pacheva

Abstract We consideif (R) = R-++ R? gravity interacting with a dilaton and a special
non-standard form of nonlinear electrodynamics contgi@rsquare-root of ordi-
nary Maxwell Lagrangian. In flat spacetime the latter arbgs to a spontaneous
breakdown of scale symmetry and produces an effective ehaogfining potential.
In the R+ R? gravity case, upon deriving the explicit form of the equérllo-
cal “Einstein frame” Lagrangian action, we find several phyjozlevant features
due to the combined effect of the gauge field and gravity mealiities such as:
appearance of dynamical effective gauge couplingscaminement-deconfinement
transition effectas functions of the dilaton vacuum expectation value; newtme
anism for dynamical generation of cosmological constaatjvihg non-standard
black hole solutions carrying additional constant vacuaatial electric field and
with non-asymptotically flat “hedge-hog”-type spacetinsgraptotics.

1 Introduction

f(R)-gravity models (wheref (R) is a nonlinear function of the scalar curvature

R and, possibly, of other higher-order invariants of the Ri@m curvature tensor

Ry ,,) are attracting a lot of interest as possible candidatese problems in the
v i

standard cosmological models related to dark matter arldetaargy. For a recent

review of f (R)-gravity seee.g.[1] and references therein
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In the present contribution we considgfR)-gravity coupled to scalar dilaton

¢ and most notably — to aon-standard nonlinear gauge field system containing
v/ —F?2 (square-root of standard Maxwell kinetic term; see Refgl[%]), which is
known to produce confining effective potential among quaatticharged fermions
in flat spacetime [4].

We describe in some detail the explicit derivation of thesefifze Lagrangian

governing thef (R)-gravity dynamics in the so called “Einstein frame”. Thedat
means that in terms of an appropriatsnformal rescalingf the original spacetime
metric gy — hyv = fRouv (Where f; = df/dR) the pertinent gravity part of the
effective action assumes the standard form of Einsteibétilaction & R(h)).

Our main goal is to derive cal “Einstein frame” effective Lagrangiaior the

matter fieldsas well — this is explicitly done forR-+ R?-gravity”.

Namely, in the special case dfR) = R+ aR? the passage to the “Einstein

frame” entails non-trivial modifications in the effectiveatter Lagrangian, which
in combination with the special “square-root” gauge fieldmimearity triggers var-
ious physically interesting effects:

(i) appearance of dynamical effective gauge couplingsandinement-deconfinement
transition effects functions of the dilaton vacuum expectation value ( y;e.v

e (ii) new mechanism for dynamical generation of cosmologicastant;
e (iii) non-standard black hole solutions carrying a constacuum radial electric

field (such electric fields do not exist in ordinary Maxweke&irodynamics) and
exhibiting non-asymptotically flat “hedgehog”-type [6]es@time asymptotics;
(iv) the above non-standard black holes are shown to obefjritéaw of black
hole thermodynamics;

(v) obtaining new “tubelike universe” solutions of Leviv@a-Bertotti-Robinson
type > x S [7].

In addition, as shown in Ref.[8] coupling of the gravity/fiaear gauge field

system tolightlike branes produces “charge-"hiding” and charge-confiningn“th
shell” wormhole solutions displaying QCD-like confinement

The main motivation for including the nonlinear gauge figcht /—F2 comes

from the works [9] of G. ‘t Hooft, who has shown that in any effee quantum
gauge theory, which is able to describe linear confinemeahpmena, the energy
density of electrostatic field configurations should be adinfunction of the elec-
tric displacement field in the infrared region (the lattepe@aring as an “infrared
counterterm”).

The simplest way to realize ‘t Hooft’s ideas in flat spacetimas been worked

out in Refs.[3, 4, 5] where the following nonlinear modificat of Maxwell action
has been proposed:

s= [dxLF?) L(FZ):—%FZ_%\/_—FZ’ )

F2 = FquuV s Fuv = 0UAV — 0\/Au .

The square root of the Maxwell kinetic term naturally ariaesa result osponta-
neous breakdown of scale symmaifithe original scale-invariant Maxwell action
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with fo appearing as an integration constant responsible for ttex Epontaneous
breakdown.
For static field configurations the model (1) yields an eleaisplacement field

D=E-— %% and the corresponding energy density turns out tgle= 3|D|?+

f702|D| +1f2, so that it indeed contains a term linear wjid| as predicted by the
phenomenological theory of ‘t Hooft.

The non-standard nonlineagauge field system (1) produces in flat spacetime
[4], when coupled to quantized fermions, a confining effecpotentialV (r) =
—? + yr (Coulomb plus linear one witly ~ fg) which is of the form of the well-
known “Cornell” potential [10] in the phenomenological dgption of quarkonium
systems in QCD.

2 f(R)-Gravity in the “Einstein Frame”

Considerf (R) = R+ aR?+ ... gravity (possibly with a bare cosmological constant
/o) coupled to a dilatorp and a nonlinear gauge field system containifigF2:

S— /d“x\/—_g[%(f (R@.7) —2h) +L(FA(@) +Lo(0.9)] .

LF2(0) =~ 520~ 2/ F20), @)

Fz(g) = Fya Fung“g/\v , Fuv = duAy — 0vA, (4)
1
Lo(¢.9) = —59"du@ov9p—-V(g). (5

whereR(g,") = Ry (M)g"Y andRyy (I") is the Ricci curvature in the first order
(Palatini) formalismj.e., the spacetime metrig,,, and the affine connectioﬁf}‘\
area prioriindependent variables.

The equations of motion resulting from the action (2) read:

Ruv(lM) = f—lé [BHTW +:—2Lf(R(g,I'))gW} , (6)
th=""R 0, (Vatkg™) <o, )
o, (v=a[L/e - J%@] Fag"g”) =0. ®)
The total energy-momentum tensor is given by:
T = [L(F2(9) + Lo(0,9) ~ g/ g ©)

+(1/e2—

fo
—2

Vv —F4(9)

)FHKFVA g +0updu 0.
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Eq.(7) leads to the relatioln, (f,gguv) = 0 and thus it implies transition to the
physical “Einstein frame” metrids,,, via conformal rescaling of the original metric

Ouv [11]:

1 1
Quv = f_/hUV ) I_v‘}l\ = EhuK (Ovhak + drhvk — dichyy ) (10)
R

Using (10) thef (R)-gravity equations of motion (6) can be rewritten in the faym
standardEinstein equations:

1
Ryv = 8m (Teffyv - éguvTeff) (11)

whereTert = gH" Terr,y and with effective energy-momentum tensgg,, of the
following form:

1 1 1
Teftuy = 17 [Tuv - ZguvT} — 259w R(T) . (12)

R 32
HereT = g"VT,v, R(T) is the original scalar curvature determined as function of
from the trace of Eq.(6):
8nT = Rfy— 2f(R), (13)

and everywhere in (11)—(18).y andl'v‘i are understood as functions of the “Ein-
stein frame” metrid,y (10).

3 Einstein-Frame Effective Action

We are now looking for an effective actic®gs = fd‘%/—h{ﬁR(h) + Leff:|,
whereR(h) is the standard Ricci scalar of the “Einstein frame” metijg and
Let = Lett(hpv, Ay, @) is alocal functionof the corresponding (matter) fields and of
their derivatives, such that it produces in the standardtvayriginalf (R)-gravity
equations of motion (6) (or equivalently (11)—(13))# will also include areffec-
tive cosmological constant term irrespective of the presencasence of a bare
cosmological constanty in the originalf (R)-gravity action (2).

Lesr must obey the following relation to the “Einstein frame” adffive energy-
momentum tensor (12):

Teffyv = huv Left — 25—+ (14)

Henceforth we will explicitly consider the simplest nordar f (R)-gravity case:
f(R) = R+ aR? (so thatf; = 1+ 2aR).

The generic form of the matter Lagrangian reads:
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L =L +LW(g)+L?(g), (15)

where the superscripts indicate homogeneity degree gil.tSolving relation (14)
by taking into account the conformal rescalingggf, (10) and the homogeneity re-
lation (15) we find the followindpcal effective “Einstein frame” matter Lagrangian:

Log — LO+L (h) (14 16mal ()| +L2 (), (16)

1—64naL©)

where now the superscripts indicate homogeneity degreeht'Y.
Explicitly, in the case ofR+ R2-gravity/nonlinear-gauge-field/dilaton system
(2)-(5) we have (using shortcut notatioR3(h) = F,, Fyyh**h"Y and X (g, h) =
—%h“vdu(pavq)):
. ~fen(@)y/F2(h)
i _
4(@) )
X(@,h)(1+ 16maX(@,h)) — V(@) — Ao/8T
1+8a (8nV(¢) +/\0)

F2(h) —

1
Leff:— 2
)—

(17)

with the dynamically generated dilatgndependent couplings:

1 1 14 16ma f2 18)
(@) 1+8a (81V (@) + /o) ’
1+ 32maX (@, h)

1+8a(8nV(p)+ANo)

fetr (@) = fo (19)

Here is an important observation about the effective action
Set / dv/—h[ 2 + Let(h A ¢)] . (20)

Even if ordinary kinetic Maxwell terrrﬂrzllF2 is absent in the original systere?(—
o in (3)), such term is nevertheledgnamically generateih the “Einstein frame”
action (17)—(20) — an explicit manifestation of tbembined effeabf gravitational
and gauge field nonlinearitiea R? and— f—2° VvV —F2):

FK)\ Futh“h)\ v
1+8a(8nV(p)+ANo)

Sascwell = —471a1 £ / d*xv/=h 1)

4 Confinement/Deconfinement Phases

In what follows we consider constant dilatgrextremizing the effective Lagrangian
(17) (i.e., the dilaton kinetic ternX (¢, h) will be ignored in the sequel):
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Lt = —4621(@ F2(h) 3 fen(0)/~F2(h) —~Ven(9). (22)
eff
L V(@)+g
Verl(#) = T84 (8nv(q?))+Ao) ’ (23)
ferl(@) = 1184 81V (@) + o) (24)
11 16ma f2 (25)

2(p) & 1+8a(@WN(9) 1A

Here we uncover the following important propertiye dynamical couplings and
the effective potential are extremized simultanequsych is an explicit realization
of the so called “least coupling principle” of Damour-Pdtpa [12]:

0 feff 0Veff 0 1 2 0Veff aLeff 0Veff
=—-64nafo—— , — — = —(32naf ~ . (26
20 ”a"a(p’a(pegﬁ (32ma fo) d0 a0 " a9 (26)
Therefore, at the extremum bfg (22) @ must satisfy:
!/

09 [1+8a (kV(g) +Ao)

There are two generic cases:

(A) Confining phaseEq.(27) is satisfied for some finite valgg extremizing the
original potentiaV (¢): V' (@) = 0.

(B) Deconfinement phasEor polynomial or exponentially growing original po-
tentialV (@), so tha/ (¢) — o wheng — o, we have:

OVet -0

20 . Vett(@) =const wheng — | (28)

- 64na

i.e., for sufficiently large values op we find a“flat region” in the effective po-
tential Veg. This “flat region” triggers dransition from confining to deconfinement
dynamics

Namely, in the confining phase (A) (generic minimyyof the effective dilaton
potential) we have shown in [13] that the followingnfining potentia(linear w.r.t.
r) acts on charged test point-particles:

ﬂféq"'eeﬁ(ca)) fer (@) . (29)

where&’, my, (o are energy, mass and charge of the test particle.
In the deconfinement phase (B) (“flat-region” of the effeetdilaton potential)
we have:
fef =0 , € — € (30)
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and the effective gauge field Lagrangian (22) reduces tortthi@ary non-confining
one (the “square-root” terny —F2 vanishes):

o__1 o 1

et = 22" V" Gam D)
with aninducedcosmological constamte = 1/8a, which iscompletely indepen-
dentof the bare cosmological constafy.

5 Non-Standard Black Holes and New “Tubelike” Solutions

From the effective Einstein-frame action (20) withs as in (22) we findnon-
standardReissner-Nordstrom-(anti-)de-Sitter-type black hakisons in the con-
fining phase @ — generic minimum of the effective dilaton potential (2&)(¢)),
ferf (@) as in (24)—(25)):

2
d& = —A(r)dt2+%+r2(d62+sinz 6d¢?) , (32)
2m Q@
A(T) =1 VBTIQ fer(@)eus (@) — 4 - Lol ®z (g
with dynamically generatedosmological constant:
Mo+ 8TV (@) + 2me? 2
Ner(@y) = 0t EV@) 2000 (34)
1+8a (Ao + 81V (qo) + 2me?fE)

The black hole’s static spherically symmetric electricdiebntains apart from
the Coulomb term amdditional constant radial “vacuum” pieceesponsible for
confinement (let us stress again that constant vacuum reléietric fields do not
exist in ordinary Maxwell electrodynamics):

- Q (1 16ma 2 ~3
|For| = [Evac| + JATIr2 (e2 1+8a(8nV(qb)+/\o)) (39)
/1 16ma f2 -1 fo/v/2

For the special value afy whereAgs(¢@) = 0 we obtain Reissner-Nordstrom-type
black hole with a “hedgehog” [6)on-flat-spacetimasymptotics:
A(r) = 1—V/BrQ| ferr (@) eert () # 1 for r — o.

Further we obtain Levi-Civitta-Bertotti-Robinson (LCBRJ] type “tubelike”
spacetime solutions with geometrie& x S (.#> — 2-dimensional manifold) with
metric of the form:



8 Eduardo Guendelman, Alexander Kaganovich, Emil NissjrBeetlana Pacheva

2
ds? = —A(n)dt? + % +15(d6? +sir* 0dg?) , —o<n <, (37)

and constant vacuum “radial” electric figléb, | = |Evac, Where the size of the?-
factor is given by (using short-hant( @) = 81V (@) + No):

1. 4
3 1+8aA(@)

1

[(1+8a (A (@) +21d) )Elact -A(@)] . (38)

There are three distinct solutions for LBCR (37) whe#e = AdS,Rind,,dS
(2-dimensional anti-de Sitter, Rindler and de Sitter spamspectively):
(i) LBCR type solutionAdS x S? for strong|Eyad:

A(n) =4nK(Evac)n? , K(Evac) >0, (39)

in the metric (37) being the Poincare patch space-like coordinat&éds, and
1
K (Evac) = (1+ 8a (A (@) + 2nf§)) Efac— V2f0lEvad — 2-A(@) . (40)

(i) LBCR type solutionRind, x & whenK (Eyac) = 0:
A(n)=nfor0<n<oeo or A(n)=-n for —o<n <0 (42)
(iii) LBCR type solutiond$S x S? for weak|Eyadl:

A(N) =1-4mK(Evac)|n® , K(Evac) <O. (42)

6 Thermodynamics of Non-Standard Black Holes

Consider static spherically symmetric metde® = —A(r)dt? + gTrrZ) +r2(d6? +

sir? 6d¢2) with Schwarzschild-type horizan, i.e., A(rg) =0, 0rA\ o> 0 and with
A(r) of the general “non-standard” form:

Ar) =1-c¢(Q)—2m/r+Ay(r; Q) (43)

whereQ; are the rest of the black hole parameters apart from the maesdc(Q;)
is generically a non-zero constant (as in (33)) respongibla “hedgehog” [6jhon-
flat spacetime asymptotics

The so calledurface gravityk proportional to Hawking temperatufg is given
by k = 27Ty, = %a,A\ro (cf., e.g, [14]).

One can straightforwardly derive the first law of black hdiertnodynamics for
the non-standard black hole solutions with (43):
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ro d

1 ~ ~
5m: g’[KéAH—’—(DIéQI 5 AH :4711’%, (D| = Ea—Q

(AulroiQ) —c(@)) - (44)

In the special case of non-standard Reissner-Nordsteimi-{de-Sitter type black
holes (32)—(34) with parametefs, Q) the conjugate potential in (44):

- Q _ Van
¢ = E — \/ZTfeff(qb)eeff(qb)rO = egﬁ(%)AO ‘r:ro (45)

(with esf (@) andfer (@) as in (18)—(19)) is (up to a dilaton v.e.v.-dependent fgctor
the electric field potentiadg (For = —0d:Ap) of the nonlinear gauge system on the
horizon.

7 Conclusions

In the present contribution we have uncovered a non-triviirplay between a
special gauge field non-linearity arfdR)-gravity. On one hand, the inclusion of
the non-standard nonlinear “square-root” Maxwell teyfa-F2 is the explicit re-
alization of the old “classic” idea of ‘t Hooft [9] about theature of low-energy
confinement dynamics. On the other hand, coupling of theineait gauge theory
containingy/'—F2 to f(R) = R+ aR? gravity plus scalar dilaton leads to a variety
of remarkable effects:

e Dynamical effective gauge couplings and dynamical indumeinological con-
stant — functions of dilaton v.e.v..

e New non-standard black hole solutions of Reissner-Nabdstfanti-)de-Sitter
type carrying an additional constant vacuum radial eledteild, in particular,
non-standard Reissner-Nordstrom type black holes wigmasotically non-flat
“hedgehog” behaviour.

e “Cornell™-type confiningeffective potential in charged test particle dynamics.

e Cumulative simultaneous effect ef—F2 and R’-terms — triggeringransition
from confining to deconfinement phastéandard Maxwell kinetic term for the
gauge field—F? is dynamically generate@ven when absent in the original
“bare” theory.

Furthermore, as we have shown in Ref.[8]:

e Coupling to a charged lightlike brane produces a chargeiigi’ wormhole,
where a genuinely charged matter source is detected asiedigtneutral by
an external observer.

e Coupling to two oppositely charged lightlike brane sourpesduces a two-
“throat” wormhole displaying a genuine QCD-like charge fto@ement.
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